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Abstract 

A method is proposed in this paper to construct a new extended 
g-deformed KP (g-KP) hiearchy and its Lax representation. This new 
extended q-KP hierarchy contains two types of g-deformed KP equa- 
tion with self-consistent sources, and its two kinds of reductions give 
the g-deformed Gelfand-Dickey hierarchy with self-consistent sources 
and the constrained g-deformed KP hierarchy, which include two types 
of g-deformed KdV equation with sources and two types of g-deformed 
Boussinesq equation with sources. All of these results reduce to the 
classical ones when q goes to 1. This provides a general way to 
construct (2-|-l)- and (l-l-l)-dimensional g-deformed soliton equations 
with sources and their Lax representations. 

PACS numbers: 02.30.Ik 



1 Introduction 



In recent years, the g-deformed integrable systems attracted many interests 
both in mathematics and in physics [1-20]. The deformation is performed 
by using the g-derivative dq to take the place of ordinary derivative dx in 
the classical systems, where g is a parameter, and the g-deformed integrable 
systems recover the classical ones as g 1. The g-deformed A^-th KdV 

*E-mail addresses: rlin@math.tsinghua.edu.cn (R.L. Lin), lxj98@mails.tsinghua.edu.cn 
(X.J. Liu), yzeng@math.tsinghua.edu.cn (Y.B. Zeng). 
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(g-NKdV or g-Gelfand-Dickey) hierarchy, the g-deformed KP (g-KP) hierar- 
chy, and the g-AKNS-D hierarchy were constructed, and some of their in- 
tegrable structures were also studied, such as the infinite conservation laws, 
bi-Hamiltonian structure, tau function, symmetries, Backlund transforma- 
tion (see [5, 11, 14, 15, 19, 20] and the references therein). 

Multi-component generalization of an integrable model is a very impor- 
tant subject [21-29]. For example, the multi-component KP (mcKP) hier- 
archy given in [21] contains many physically relevant nonlinear integrable 
systems, such as Davey-Stewartson equation, two-dimensional Toda lattice 
and three- wave resonant interaction ones. Another type of coupled integrable 
systems is the sohton equation with self-consistent sources, which has many 
physical applications and can be obtained by coupling some suitable differ- 
ential equations to the original soliton equation [30-37]. Very recently, we 
proposed a systematical procedure to construct a new extended KP hierarchy 
and its Lax representation [38]. This new extended KP hierarchy contains 
two types of KP equation with self-consistent sources (KPSCS-I and KPSCS- 
II), and its two kinds of reductions give the Gelfand-Dickey hierarchy with 
self-consistent sources [39] and the A;-constrained KP hierarchy [40,41]. In 
fact, the approach which we proposed in [38] in the framework of Sato theory 
can be applied to construct many other extended (2+l)-dimensional soliton 
hierarchies, such as BKP hierarchy, CKP hierarchy and DKP hierarchy, and 
provides a general way to obtain (2-|-l)-dimensional and (1-1-1) -dimensional 
integrable soliton hierarchies with self-consistent sources. 

The KdV equation with self-consistent sources and the KP equation 
with self-consistent sources can describe the interaction of long and short 
waves (see [30-37] and the references therein). In contrast with the well- 
studied KdV and KP equation with self-consistent sources, the g-Gelfand- 
Dickey hierarchy with self-consistent sources and the g-KP hierarchy with 
self-consistent sources have not been investigated yet. It is ineresting to con- 
sider the case of the algebra of g-pseudo-differential operator, and to see if 
our approach could be generalized to construct new extended g-deformed in- 
tegrable systems, which would enable us to find two types of new g-deformed 
soliton equation with sources in a systematic way. In this paper, we will give 
a systematical procedure to construct a new extended g-deformed KP (g-KP) 
hierarchy and its Lax representation. First, we define a new vector filed dr^. 
by a linear combination of all vector fields dt„ in ordinary g-deformed KP 
hierarchy, then we introduce a new Lax type equation which consists of the 
Tjfc-fiow and the evolutions of wave functions. Under the evolutions of wave 
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functions, the commutativity of ^^-^.-flow and dt„-G.ows gives rise to a new 
extended q-KP hierarchy. This new extended g-KP hierarchy contains two 
types of g-deformed KP equation with self-consistent sources (g-KPSCS-I and 
g-KPSCS-II), and its two kinds of reductions give the g-deformed Gelfand- 
Dickey hierarchy with self-consistent sources and the constrained g-deformed 
KP hierarchy, which are some (1 -|- 1) -dimensional g-deformed soliton equa- 
tion with self-consistent sources, e.g., two types of g-deformed KdV equation 
with self-consistent sources (g-KdVSCS-I and g-KdVSCS-II) and two types 
of g-deformed Boussinesq equation with self-consistent sources (g-BESCS-I 
and g-BESCS-II). The g-KdVSCS-II is just the g-deformed Yajima-Oikawa 
equation. All of these results reduce to the classical ones when g — > 1. Thus, 
the method proposed in this paper is a general way to find the (1 + 1)- and 
(2 + l)-dimensional g-deformed soliton equation with self-consistent sources 
and their Lax representations. It should be noticed that a general setting of 
"pseudo-differential" operators on regular time scales has been proposed to 
construct some integrable systems [42,43], where the g-differential operator 
is just a particular case. Our paper will be organized as follows. In section 
2, we will recall some notations in the g-cal cuius and construct the new ex- 
tended g-KP hierarchy, and then two types of g-deformed KP equation with 
sources will be presented. In section 3, the two kinds of reductions for the new 
extended g-KP hierarchy will be considered, and some (1 -|- l)-dimensional 
g-deformed soliton equation with self-consistent sources will be deduced. In 
section 4, some conclusions will be given. 



2 New extended g-deformed KP hierarchy 

In this section, we will give a procedure to construct a new extended g- 
KP hierarchy and its Lax representation. Then, as the examples, two types 
of g-deformed KP equation with self-consistent sources (g-KPSCS-I and g- 
KPSCS-II) will be presented explicitly. 

The g-deformed differential operator dg is defined as 



x{q — 1) 



which recovers the ordinary differentiation dx{f{x)) as g — > 1. Let us define 
the g-shift operator 9 as 
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Then we have the g-deformed Leibnitz rule 

where the g-number and the g-binomial are defined by 



fn\ {n)g{n-l)g---{n-k + l) 



For a g-pseudo-differential operator (g-PDO) of the form 



n 



i=—oo 



we decompose P into the differential part and the integral part as follows 

i>0 i<-l 

The conjugate operation "*" for P is defined by 

i 

The g-KP hierarchy is defined by the Lax equation (see, e.g., [17]) 

dt^L=[Br,,L], Br, = Ll, (1) 

with Lax operator of the form 

oo 

L = d, + J2u,d-\ (2) 

According to the Sato theory, we can express the Lax operator as a dressed 
operator 

L = SdgS-\ (3) 



oo 



where S' = 1 + ^ Sid^ * is called the Sato operator and S* ^ is its formal 

i=l 

inverse. The Lax equation ([1]) is equivalent to the Sato equation 

= (4) 



The g-wave function Wq{x,t;z) and g-adjoint wave function w*{x,t;z) 
(here t — (^i, t2, ^3, ■ ■ ■)) defined as follows 



oo 



— Seq{xz) exp j ''^^Uz^ j , (5a) 



,1=1 



oo 



W 



{S*) ^\^/gei/g{-xz)ex.p i-^tiz' \ , (5b) 



i=l 



where the notation P\x/t — 5^Pi(^/0^*^g (^^^ P — used, and 



oo 



\k 



e,^x) = exp i^g ^^^f 

It is easy to show that Wq and satisfy the following linear systems 

dwq 

dtn 



LWq = ZWq, = B„Wq, 



dw* 

U/qWg = ZWq, = -{Bn\x/q) 

It can be proved that [14] 

For any fixed A; e N, we define a new variable whose vector field is 

N 

i=l s>0 

where Q^s are arbitrary distinct non-zero parameters. The r^-flow is given 

by 

N N 



i=l s>0 i=l s>0 

N N 



i=l seN i=l si 



Define by 

N 

i=l s& 

which, according to (JH]), can be written as 

N 

Efc = 5fe + ^ 0)). 

i=l 

By setting (pi = Wg{x,t; Q), '4'i = t; 0)), we have 

AT 

Bk = Bk + Yl Vi, (7a) 



i=l 



where 0j and ipi satisfy the following equations 

= ^,,,„ = -B:{^,), t = l,---,N. (7b) 

Now we introduce a new Lax type equation given by 



TV 

L,^ = + (8a) 

i=l 

with 

= 5„(0,), = -i?:(^,), i = i,---,N. (8b) 

We have the following lemma 

Lemma 1. 0^-^]- = Bn{(p)d~'^ - <f)d~' B*^{^) . 

Proof. Without loss of generality, we consider a monomial: P = ad^ {n > 1). 
Then 

[P,0a-V]- = a(9,"(0))a-V - (H-Va5,")- 
Notice that the second term can be rewritten in the following way 

(0a-VO- = <i>{e-\ija))d^-' - <pd-\d,e-\a^))d^-')^ 

then the lemma is proved. □ 
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Proposition 1. (QP and ^ give rise to the following new extended q- deformed 
KP hierarchy 

- {B„ + Y^^^ + [Bn, Bu + Eil (i>^^~'i'^] = (9a) 

(t>iu = Bn{(t>i), (9b) 
iji,t„ = -B*M), ^ = l,---,iV. (9c) 

Proof. We will show that under fISbl) . ([T]) and fISal) give rise to fl^ . For con- 
venience, we assume N = 1, and denote 0i and ■i/'i by and ■?/', respectively. 
By ([I]), ([8]) and Lemma [H we have 

= (L;)+ = [i?, + 09-^V^,L"] + 

= [Sfc + 05-V, ^+] - + 05-V, ^+]- + [5^., LIU 
= [B, + 05-V, Bn] - [05-^, + [Bn, L% 

= [Bk + 05- V, i?n] + i?„(0)5- V - 05-'5:(V^) + 

= + 05- V, 5n] + (5fc + 05- V)t„- 

□ 

Under ( ]9b[) and ( l9cl) . the Lax representation for ( l9al) is given by 

N 

= (5fc + 5^0,5- Vi)(^), (10a) 

i=l 

= Br^i^). (10b) 

Remark 1 The main step in our approach is to define a new Lax equation 
(IHl). For the extended KP hierarchy in [38], a similar formula like (IHl) can be 
motivated by the well-known fc-constraint of KP hierarchy, which is obtained 

N 

by imposing L'' = B/^ + ^ (pid^^tpi. Here, the formula ([H]) can also be moti- 

1=1 

vated by the /^-constraint of g-KP hierarchy as given in [14] . This enables us 
to obtain the /c-constrained g-KP hierarchy and the g-Gelfand-Dickey hier- 
archy with sources by dropping the Tfc-dependence and t„-dependence in the 
new extended g-KP hierarchy ([9]) respectively (see Section 3). 
Remark 2 When taking (pi = ipi = 0, i = 1, . . . , N, then the extended g-KP 
hierarchy reduces to the g-KP hierarchy. 
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Remark 3 Integrable systems can be constructed from the algebra of "pseudo- 
differential" operators on regular time scales in [42,43], where the algebra of 
g- "pseudo-differential" operator is a particular case. In fact, our approach 
for constructing new extended integrable systems can also be generalized to 
the general setting as in [42,43]. 
For convenience, we write out some operators here 

Bi = dq + UQ, B2 = dg + Vidq + Vo, B3 = + S2dg + Sidq + So, 

(pid^'^i = rad-^ + ri2d-^ + md-"" + . . . , i = 1, . . . , AT, 

where 

Vl = 9{uq) + Mo, vq = (dqUo) + 9{ui) +ul + Ui, 

V_i = (dqUi) + 9{U2) + UqUi + Ui9~^ {Uq) + U2, 

S2 = 9{vi) + uo, Si = (dqVi) + 9{vo) + uqVi + ui, 

So = {dqVo) + 9{V-i) + UoVo + Ui9~^{vi) + U2. 
Til = (t>iO-\^i), n2 = -U>iQ-\dqi,,), ^3 = ^^<Pi9-\d\i,,). 

and v-i comes from = S2 + V-id'^ -|- V-2dq'^ -\ . 

Then, one can compute the following commutators 

[B2, Bs] = f2dl + fldq + /o, [B2, Ct>^^-^1|J^] = g^ldq + ^iO + . . . , 

[S3, = hi2dl + hiidq /iio + ■ ■ ■ , i = 1, . . . , A^, 

where 

/2 = dls2 + {q + l)9{dqSi) + 9\so) + VidqS2 + vi9{si) + V0S2 -{q^ + q + 

-{q^ + q + l)9\dqVo) -{q+ l)S29{dqVi) - S29\vo) - Si9{Vi) - So, 

fi = + {q+ l)0{dqso) + vidqsi + vi9iso) + voSi - d^vi - (g' + g + md^qVo) 

-S2dqVi - {q+ l)s29{dqVo) - SidqVi - Si9{Vo) - SqVi, 
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/o = d^SQ + vidqSQ - d^vo - S2dgVo - sidgVo, 
gn = 0'^{rii) - Til, gio = (g + l)9{dgrii) + 9'^{ri2) + vid{rii) - rii6'^{vi) - ri2, 

hio = {q' + q + md'^ra) + (q' + q + l)e\dgr,2) + e^ir,^) + {q + l)s2^(9,r,i) 

q 

Now, we list some examples in the new extended g-KP hierarchy (Q. 

Example 1 (The first type of g-KPSCS (g-KPSCS-I)). Forn = 2 and k = 3, 
(EP yields the first type of q-deformed KP equation with self- consistent sources 
(q-KPSCS-I) as follows 

-Sf + /2 = 0, (11a) 
fe-|t + /i + Ef=i^7.i=0, (lib) 
fe-|t + /o + Ef=i^?.o = 0, (11c) 
(l)i,t, = B2{^i), ^Pi,t, = -B*2{iJi), z = l,...,N. (lid) 

The Lax representation for fTl\) is 

N 

= (9j + S29j + si9, + so + J]04-V.)W, (12a) 

i=l 

= {d^g+V,dg + V0)m. (12b) 

Let q 1 and uq = 0, then the q-KPSCS-I ( fIT]) reduces to the first type of 
KP equation with self- consistent sources (KPSCS-I) which reads as [30, 31] 

ui,t2 - ui^xx - 2m2,x = 0, (13a) 

AT 

2Ml,r3 - 3M2,t2 - 3Mi^a,^t2 + Ui^^^^ + ?>U2,xx " 'oUiUi^^ + 2(9^ ^ (pi^Ji = 0, (13b) 

1=1 

4>i,t2 - 4>i,xx - 2ui0j = 0, (13c) 
i^i,t2 + i^i,xx + 2uiiJi = 0, i = 1,..., A^.(13d) 
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Example 2 (The second type of g-deformed KPSCS (g-KPSCS-II)). For 

n = 3 and k = 2, Ij^ yields the second type of q-deformed KP equation with 
self- consistent sources (q-KPSCS-II) as follows 



fe - /2 + Ef=i = 0, (14a) 

- H - /i + Ef=i ha = 0, (14b) 

- H - /o + Ef=i h^o = 0, (14c) 
0,,i3 = 53(0.), i^i,ts = -BI{iJ^), z = l,...,N. (14d) 

The Lax representation for [I4\ ) is 

N 

= [dl + v,d, + vo + 5^0,5; V.)(^), (15a) 
1=1 

= (5J + S2d', + + so)m. (15b) 



Let q ^ 1 and uq = 0, then the q-KPSCS-II (T^ reduces to the second type 
of KP equation with self- consistent sources (KPSCS-II) which reads as [30] 

N 

Ui,r2 - ui,xx - 2m2,x + ^ = 0,(16a) 

1=1 

N 

3m2,t2 + ^ui,x,T2 - 2Mi,t3 - + 6miMi,^ - 3u2,xx + 3dx ^ (i)i,xipi = 0(16b) 

i=l 

4>U3 - 4>i,xxx - 3Mi0i,a; - 3{ui^x + U2)4>i = 0,(16c) 
ipi,t3 - ipi,xxx - 3uiV'i,x + 3u2ipi = 0, z = 1, . . . , A^(16d) 

3 Reductions 

The new extended g-deformed KP hierarchy ([9]) admits reductions to several 
well-known g-deformed (1 + l)-dimensional systems. 

3.1 The n-reduction of dS) 

The n-reduction is given by 

= 5„ or L*! = 0, (17) 
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then (jS} implies that 

Bn{(t)i) = = Cr0i, (18a) 
-B*M) = -L"*^, = -CrV^i. (18b) 

By using Lemma 1 and (fT8|) . we can see that the constraint (fTTI) is invariant 
under the Tk flow 

N 



i=l 

W TV 

N N 

1=1 

N 

5^(Cr0.5-Vi - Q<P^^;'^^) = 0. (19) 



1=1 1=1 

N 



i=l 



The equations ffTTl) and (jl]) imply that = 0, so {L )t„ = 0, which together 
with f[T^ means that one can drop t„ dependency from and obtain 



AT 

k 



= [(i?„)^ + J2 0.5," V^, (20a) 
1=1 

B„{<P,) = Cr0^, (20b) 

= cr^., t = i,---,N. (20c) 

The system (1201) is the g-deformed Gelfand-Dickey hierarchy with self-consistent 
sources. 

Example 3 (The firs tyep of g-deformed KdVSCS (g-KdVSCS-I)). Forn = 2 
and k = 3, presents the first type of q- deformed KdV equation with self- 
consistent sources (q-KdVSCS-I) 

vi,r3 + fi + Eil 9ii = 0, (21a) 

V0,rs + f0 + J:f=l9^0 = 0, (21b) 
U2 + 6{U2) + dq{Ui) + UqUi + UiO^'^ {uq) = 0, (21c) 
(^2 + Vid, + Vo){(p^) - CV. = 0, (21d) 

{d^, + vid, + VoYm - = 0, ^ = 1, ■ ■ ■ , AT, (21e) 
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with the Lax representation 



N 



i=l 

{dl + vidg + vq){^) = A^, U2 + e{u2) + dg{ui) + u^ui + uie-\uo) = 0. 

Let g — > 1 and uq = 0, then the q-KdVSCS-I l[21\) reduces to the first type of 
KdV equation with self- consistent sources (KdVSCS-I) which reads as 

(pta^x + 2ui(f)i - C^(f)i = 0, 
^i^xx + 2ui^i - = 0, i = 1, ■ ■ ■ , A^. 

The first type of KdV equation with self- consistent sources (KdVSCS-I) can 
he solved by the inverse scattering method [32, 33] or by the Darboux trans- 
formation (see [35] and the references therein). 

Example 4 (The first type of g-BESCS (g-BESCS-I)). For n = 3 and k = 

2, presents the first type of q-deformed Boussinesq equation with self- 
consistent sources (q-BESCS-I) 

S2,r, -f2 + Ell h^2 = 0, (22a) 

si,r, -fi + Ell hii = 0, (22b) 

So,r, - /o + Ell hio = 0, (22c) 

{d^g + S2dl + sid, + so){cpi)- e<P^ = 0, (22d) 

{dl + S2dl + s^d, + SoTm - C^^ = 0, ^ = 1, ■ ■ ■ , AT, (22e) 

with the Lax representation 

N 
i=l 

Let g — i> 1 and Mq = 0, then the q-BESCS-I / l^) reduces to the first type of 
Boussinesq equation with self- consistent sources (BESCS-I) which reads as 

-2U2,x - Ul,xx + Ul,T2 + dx Ell 4>ii'i = 0, 

3U2,T2 - 3M2,xx + ^Ui^x,T2 + QUlUl,x - Ul,xxx + 3l9^ EIi <Pi,xtpi = 0, 
4>i,xxx + ^Ul4>i,x + ^Ul,x + U2)4>i - C^(j)i = 0, 

'ipi,xxx + 3Mi^i,a. - 3u2i'i + C^^pi = 0, i = !,■■■ ,N. 
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3.2 The /c-constrained hierarchy of (|9 

The /c-constraint is given by [40,41] 

N 



L'^ = 5fc + ^04-Vi. (23) 



i=l 



By using the above /^-constraint, it can be proved that L and -B„ are inde- 
pendent of Tfc. By dropping dependency from 1^, we get 

\ / tn \- 

<P^,t^ = (Bk + Ef=i (0,.), (24b) 

i'iU = -{Bk + Ef=i 0.5,-V,)| (V^.), ^ = 1, ■ ■ ■ , iV, (24c) 



which is the constrained g-deformed KP hierarchy. Some solutions of the con- 
strained g-deformed KP hierarchy can be represented by g-deformed Wron- 
skian determinant (see [20] and the references therein). 
Remark 4 In [42,43], the fc-constrained g-KP hierarchy can be constructed 
from the g-KP hierarchy by imposing the fc-constraint. Here, the /c-constrained 
g-KP hierarchy is obtained directly from the extended g-KP hierarchy ([9]) by 
dropping the Tk dependence due to the /c-constraint. 

Example 5 (The second type of g-KdVSCS (g-KdVSCS-11)). For n = 3 and 
k = 2, (24\ ) gives rise to the second type of q- deformed KdV equation with 
self-consistent sources (q-KdVSCS-II). 

vify + fi- Ell hri = 0, (25a) 

+ fo- E.=i h^o = 0, (25b) 

U2 + 0{u2) + dq{ui) + uqUi + uie-^{uQ) - = 0, (25c) 

0i,*3 = + s^dl + Sid, + so)(0i), (25d) 

^iM = -{dl + S2dl + sidq + so)*(V'i), z = 1, ■ ■ ■ , AT. (25e) 



Let g — > 1 and uq = 0, then the q-KdVSCS-II (25\) reduces to the second type 
of KdV equation with self- consistent sources (KdVSCS-II or Yajima-Oikawa 
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equation) which reads as 

V'i.ts = "^i.xxx + "iUilpi^x + " f V'i ^jV^j, 2 = 1, ■ ■ ■ , iV. 

Example 6 (The second type of g-BESCS (g-BESCS-II)). For n = 2 and 

k = 3, gives rise to the second type of q- deformed Boussinesq equation 
with self-consistent sources (q-BESCS-II)) 

S2M - /2 = 0, (26a) 
si,t2 - /i - Eili 9ii = 0, (26b) 
so,t2 - /o - Eili fi'io = 0, (26c) 

(p^,t, = {^^,+Vl^g + Vo){^^), (26d) 

= -{dl + vid, + VoYm, ^ = 1, ■ ■ ■ , iV. (26e) 

Let g — i> 1 and uq = 0, then the q-BESCS-II ( f^) reduces to the second type 
of Boussinesq equation with self- consistent sources (BESCS-II) which reads 
as 

-2U2,x - Ui^xx + Ml,t2 = 0, 
3M2,t2 - 3M2,xx + 3Ui^x,t2 + QUlUl,x - Ul,xxx " 2(9^; ^ill ^Pi^^i = 0) 

0j,t2 = 4>i,xx + 2Ul0i, 

V'i,t2 = -i'i,xx - '^uiipi, i = !,■■■ , AT. 

4 Conclusions 

A method is proposed in this paper to construct a new extended g-deformed 
KP (g-KP) hiearchy and its Lax representation. This new extended g-KP 
hierarchy contains two types of g-deformed KP equation with self-consistent 
sources (g-KPSCS-1 and g-KPSCS-11), and its two kinds of reductions give 
the g-deformed Gelfand-Dickey hierarchy with self-consistent sources and 
the constrained g-deformed KP hierarchy. Thus, the reductions of the new 
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extended q-KP hierarchy may give some g-deformed (1 + l)-dimensional soh- 
ton equation with self-consistent sources, e.g., the two types of g-deformed 
KdV equation with self-consistent sources (including g-deformed Yajima- 
Oikawa equation) and two types of g-deformed Boussinesq equation with 
self-consistent sources. All of these results reduce to the classical ones when 
g — > 1. The method proposed in this paper is a general way to find (1+1)- and 
(2 + l)-dimensional g-deformed soliton equation with self-consistent sources 
and their Lax representations. 
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